Based on Riemann theta function and bilinear Bäcklund transformation, quasi-periodic wave solutions are constructed for an extended (2 + 1)-dimensional shallow water wave equation. A detail asymptotic analysis procedure to the one-and two-periodic wave solutions are presented, and the asymptotic properties of this type of solutions are proved. It is shown that the quasi-periodic wave solutions converge to the soliton solutions under small amplitude limits.
Introduction
Nonlinear evolution equations (NLEEs) have attracted much interest in the past few decades since they appear in many areas of scientific fields such as fluid mechanics, plasma physics, solid-state physics, and mathematical biology [-] . The investigation of solutions for NLEEs plays an important role in the study of nonlinear physical phenomena, and many effective methods have been discovered. Successful numerical methods include the decomposition method [] and the spectral method [-] developed in recent years. Various analytic methods such as inverse scattering method, Darboux transformation, Bäcklund transformation, Hirota method, and algebro-geometrical approach [-] have been presented for NLEEs. Among the mentioned methods, the algebro-geometrical approach presents quasi-periodic or algebro-geometric solutions to many NLEEs. However, the approach needs Lax pair representations and involves complicated calculus on Riemann surfaces. Based on bilinear forms, Nakamura proposed a straightforward way to construct a kind of quasi-periodic solutions of nonlinear equations [, ] , where the quasi-periodic wave solutions of the Korteweg-de Vries equation (KdV equation) and the Boussinesq equation were obtained by using the Riemann theta function. Recently, Hon and Fan have developed this method to investigate ( + )-dimensional Bogoyavlenskii's breaking soliton equation [] , the discrete Toda lattice [] , and the asymmetrical Nizhnik-Novikov-Veselov equation [] . Ma [] constructed one-periodic and two-periodic wave solutions to a class of ( + )-dimensional Hirota bilinear equations. However, little work has been done on quasi-periodic solutions for systems that involve coupled Hirota's bilinear equations.
In this paper, we focus our study on the following extended ( + )-dimensional shallow water wave equation:
where α is a constant. According to Wang and Chen [] , the bilinear Bäcklund transformation of Eq. (.) can be written as
where λ and ν are arbitrary constants. Equation (.) is a type of coupled bilinear equations; it is more difficult to be dealt with than a single bilinear equation due to the appearance of two functions and two equations. However, to the best of our knowledge, quasi-periodic wave solutions for Eq. (.) have not been studied yet. Therefore, one objective of this paper is to construct one-and two-periodic wave solutions for the extended ( + )-dimensional shallow water wave equation (.). Another objective of the paper is to investigate the asymptotic behavior of the quasi-periodic wave solutions. The organization of this paper is as follows. In Section , we briefly introduce some main points on the Riemann theta function and get the one-and two-soliton solutions for Eq. (.) by using the Hirota bilinear method. In Sections  and , we apply the Riemann theta function to construct one-and two-periodic wave solutions for Eq. (.), respectively. Furthermore, a detail asymptotic analysis procedure to the quasi-periodic wave solutions is presented and demonstrates that the quasi-periodic solutions tend to the known soliton solutions for Eq. (.). Finally, some conclusions are given in Section .
Soliton solutions and the Riemann theta function
The quasi-periodic wave solutions of Eq. For simplicity, we have ϑ(ξ , τ ) = ϑ(ξ , , |τ ) and ϑ(ξ + , τ ) = ϑ(ξ , , |τ ). The periodicity of the Riemann theta function is defined as follows.
In particular, g(x, t) becomes periodic with T if and only if T j = m j T.
Proposition  []
Let e j be the jth column of the N × N identity matrix I N , τ j be the jth column of τ , and τ jj be the (j, j) entry of τ . Then the theta function ϑ(ξ , τ ) has the periodic property
The vectors {e j , j = , . . . , N} and {iτ j , j = , . . . , N} can be regarded as periods of the theta function ϑ(ξ , τ ) with multipliers  and exp(-πiξ j + πτ jj ), respectively.
Let ϑ(ξ , , |τ ) and ϑ(ξ , , |τ ) be two Riemann theta functions, where
, and D n , the following useful formula holds:
where
Formulae (.) and (.) show that once
for all possible combinations μ  = , ; . . . ; μ N = , , then ϑ(ξ , , |τ ) and ϑ(ξ , , |τ ) are quasi-periodic solutions of the bilinear equation
Proposition  [] Let C(μ) be given in (.), and make a choice such that
then C(μ) vanishes automatically for the case where N j= μ j is an odd number, namely
is an odd function in the sense that
then C(μ) vanishes automatically for the case where
Proposition  plays an important role in constructing quasi-periodic wave solutions for coupled bilinear equations.
Next, we need to get the one-and two-soliton solutions for the extended ( + )-dimensional shallow water wave equation (.). By the dependent variable transformation
the bilinear Bäcklund transformation for Eq. (.) was obtained as Eq. (.). In order to get the quasi-periodic wave solutions of Eq. (.), we take ν = , that is, the bilinear Bäcklund transformation for Eq. (.) is
(.) By using the Hirota bilinear method we can easily get the soliton solutions of Eq. (.).
We start with a simple solution f = , from which we can get the original solution u = -(ln f ) x = . Setting λ =˜k    and substituting f =  into Eq. (.), we readily obtain
wherek  ,l  , and η
 are arbitrary constants. The one-soliton solution can be written as
where β  and β  are arbitrary constants, and substituting (.) into Eq. (.), we have
In this way, the two-soliton solution for Eq. (.) reads
where e A  = (˜k
One-periodic waves and asymptotic properties
In this section, we consider the one-periodic wave solutions for Eq. (.) with N =  in the Riemann theta function (.). Setting f (x, y, t) = ϑ(ξ , , |τ ) and g(x, y, t) = ϑ(ξ ,   , |τ ), f (x, y, t) and g(x, y, t) can be written as the following Fourier series in n:
where ξ = kx + ly + mt + ξ () is the phase variable, and τ >  is the parameter.
Construction of one-periodic waves
In order to make the theta function (.) be a solution of bilinear equation (.), we substitute Eq. (.) into Eq. (.); then, for i = , ,
is an even function, we have C  (μ = ) = . Similarly, we can obtain that C  (μ = ) = . Suppose that the following equations are satisfied:
Then the Riemann theta functions (.) are exact solutions of Eq. (.). By introducing the notation
we can change Eq. (.) into a linear system about the frequency m and the constant λ
Solving Eq. (.), we get 
Asymptotic property of one-periodic waves
Now we proceed to consider the asymptotic properties of the one-periodic wave solution. It is shown that the soliton solution (.) can be obtained as a limit of the one-periodic wave solution (.). The relation between these two solutions can be established as the following theorem.
Theorem  Suppose that m are determined by Eq. (.), let
wherek  ,l  , and η 
Proof By using Eq. (.) we write the coefficients of system (.) into power series of ρ:
Assume that the solution of system (.) has the following form:
Substituting Eqs. (.) and (.) into Eq. (.) and letting ρ → , we obtain
Combining (.) and (.), we then obtain
In order to show that the one-periodic wave (.) degenerates to the one-soliton solution (.) under the limit ρ → , we expand the function f in the form
By (.) it follows that
According to Eq. (.), we easily get that
Thus, we conclude that the one-periodic solution (.) just degenerates to one-soliton solution (.) as the amplitude ρ → .
Two-periodic waves and asymptotic properties
We now turn to construct two-periodic wave solutions for Eq. (.). In the case N = , we take f (x, y, t) and g(x, y, t) as
T , and τ is a positive definite and real-valued symmetric × matrix, which can be taken of the form
Construction of two-periodic waves
By using Proposition  we can readily obtain that the constraint equation in (.) of 
(.) Equation (.) can be written as a linear system with respect to λ and m:
where ∇ = (∂ξ  , ∂ξ  ) and 
Asymptotic property of two-periodic waves
In a similar way to Theorem , we can establish the following relation between the twoperiodic solution (.) and the two-soliton solution (.). The proof of (.) is quite similar to that of formula (.) and so is omitted. Thus, the proof is completed.
